Abstract. We discuss conditions such that strong stability and strong asymptotic compactness of a (discrete or continuous) semiflow defined on a subset in the positive cone of an ordered Banach space is preserved under asymptotic domination. This is used to show that on a Banach lattice with order continuous norm strong stability and almost periodicity of a (discrete or strongly continuous) semigroup of positive operators is preserved under asymptotic domination.
Introduction
If S and T are positive linear operators on an ordered Banach space E such that S is dominated by T , then it is natural to ask which properties of the operator T are inherited by the operator S. There are numerous results in this direction dealing with properties like compactness, weak compactness, the Dunford-Pettis property, being a kernel operator and others (see [1] , [11] , [22] for a survey of such results).
During the last ten years there was an increasing interest to investigate spectral and asymptotic properties of dominated operators, such as strong and uniform ergodicity, strong and uniform stability, almost periodicity, quasicompactness or certain inclusion relations among the peripheral spectra (see e.g. [2] , [3] , [5] , [9] , [10] , [12] , [14] , [15] , [16] , [17] , [18] , [19] ). Most of the results can be formulated for (powers of) operators as well as for representations of certain semigroups in the space of bounded linear operators.
In [15, Theorem 3.9] it was shown that if T is a positive operator on a Banach lattice E with order continuous norm such that the powers T n converge strongly to a projection P T of finite rank, then for each operator S on E such that 0 ≤ S ≤ T the powers S n are also strongly convergent. The same conclusion holds if instead of the finite rank condition on P T one requires that the spectrum σ(T ) of T does not contain the whole unit circle (see [17, Corollary 4.3] ). Analogous statements hold for the inheritance of almost periodicity under domination (see [15, Proposition 3.10] , [17, Theorem 4.2]) . It is open whether in the described situation any of the additional conditions on the dominating operator T is needed.
In the present paper we will answer this question. Our approach allows us to treat an even more general situation. First we show that on a set D in the positive cone of a uniformly order convex Banach space strong stability and strong asymptotic compactness of a non-expansive (discrete or continuous) semiflow is preserved under asymptotic domination (Theorem 3.1 and 3.3). As a special case we obtain on L 1 -spaces inheritance of strong stability and almost periodicity for (discrete and strongly continuous) semigroups of positive linear operators which are asymptotically dominated by a semigroup of positive linear contractions. From this we derive the corresponding result for semigroups on Banach lattices with order continuous norm without assuming contractivity of the asymptotically dominating semigroup (Theorem 4.3 and 4.5). An example shows that such results are no longer true if the asymptotically dominated semigroup is not positive (Example 4.7).
Our notation is standard and follows the books [11] and [20] . We recall some frequently used notions. For a Banach space E let B E be the closed unit ball, L(E) the space of bounded (linear) operators on E, and E the space of bounded linear forms on E. If E is an ordered Banach space, then E + := {x ∈ E : x ≥ 0} is the positive cone of E. An operator T on E is called positive if T E + ⊆ E + . By L(E) + and E + we denote the set of positive bounded operators and the set of positive linear forms on E, respectively. If E is a Banach lattice we write ∨ and ∧ for the lattice operations sup and inf. As usual we denote by x + , x − and |x| the positive part, the negative part, and the modulus of x ∈ E. Note that with E, E is also a Banach lattice with positive cone E + . For further details on ordered Banach spaces and Banach lattices we refer to [4] , [21] , and [11] , [20] .
Uniformly order convex Banach spaces
Throughout the whole section E denotes an ordered Banach space with a closed, generating, normal positive cone E + . Moreover, we assume that the norm of E is monotone on E + , i.e., if x, y ∈ E such that 0 ≤ x ≤ y, then x ≤ y . We introduce the following class of ordered Banach spaces. Definition 2.1. The ordered Banach space E is called uniformly order convex if for every ε > 0 there exists δ > 0 such that whenever x, y ∈ (B E ) + , 0 ≤ x ≤ y, and y − x < δ, then x − y < ε.
One can easily see that an ordered Banach space E is uniformly order convex if and only if for every M > 0 and every ε > 0 there exists δ > 0 such that 
In particular, we obtain that E is uniformly order convex. As a consequence on every p-concave Banach lattice E there is an equivalent lattice norm for which E is uniformly order convex (see [11, 2.8.8] and [7, p.85] ).
Recall that a Banach lattice E is a KB-space if every increasing norm bounded sequence in E + converges in norm (see [11, 2.4.11] 
The uniform order convexity of the space E implies that (x n ) is a Cauchy sequence in E, and hence (x n ) is convergent.
The following lemma will play a central role in the investigations of Sections 3 and 4.
Lemma 2.4. Let E be a uniformly order convex Banach space, D ⊆ E
Let (t n ) be a sequence in J converging to ∞ and assume that :
(i) lim n P tn−tm x tm exists for all m ∈ N, and
Proof. By (i), if m ∈ N is fixed the sequence (P tn−tm x tm ) n∈N is bounded. Assumption (ii) implies that there exist z n ∈ E, n ∈ N, such that 0 ≤ x tn ≤ P tn−tm x tm + z n and lim
Thus lim sup n x tn ≤ α, and hence α = lim n x tn exists.
Let M := sup n x tn < ∞ and fix ε > 0. Choose δ > 0 corresponding to M and ε as in (2.1). There exists r ∈ N such that
Assumption (i) implies that there is r 1 > r such that
By assumption (ii), there exists r 2 ≥ r 1 such that
In particular, we find w n ∈ E, n ≥ r 2 , such that 0 ≤ x tn ≤ P tn−tr x tr + w n and w n < δ.
and hence
From (2.1) we obtain
Thus, if n, m ≥ r 2 , then
Hence (x tn ) is a Cauchy sequence and the assertion follows.
Remark 2.5. If in Lemma 2.4 we replace assumption (i) by
then there is a subsequence (x sn ) of (x tn ) which is convergent. In fact, by a diagonal sequence argument we can choose a subsequence (s n ) of (t n ) such that (P sn−tm x tm ) n∈N is convergent for each m ∈ N. Thus (P sn−sm x sm ) n∈N converges for each m ∈ N. Moreover, lim n d(P sn−sm x sm − x sn , E + ) = 0 for all m ∈ N. Now Lemma 2.4 with (t n ) replaced by (s n ) yields the assertion.
Stability and asymptotic compactness of asymptotically dominated representations
As in the previous section E denotes an ordered Banach space with a closed, generating, normal positive cone E + , and we assume that the norm is monotone on E + . Throughout the whole paper J stands for the additive semigroup N and
We also write S = (S t ) t∈J for short. If not stated explicitly we do not impose any continuity conditions on S. For J = N each representation is given by the sequence of all powers (
Our aim is to study asymptotic properties of asymptotically dominated representations. The representation S is called strongly stable if lim t→∞ S t x exists for all x ∈ D, and S is called strongly asymptotically compact if for every x ∈ D and every sequence (t n ) in J converging to ∞ there is a subsequence (s n ) of (t n ) such that lim n S sn x exists in E. If the representation S is strongly continuous, i.e., t → S t x is continuous for all x ∈ D, then S is strongly asymptotically compact if and only if each orbit {S t x : t ∈ J}, x ∈ D, is relatively compact in E. Note that a strongly continuous representation in L(E) which is strongly asymptotically compact is also called almost periodic (see [8, p.142] Proof. a) Let x ∈ D and let (t n ) be a sequence in J such that lim n t n = ∞. For t ∈ J set x t := S t x and P t := P . Then (x t ) t∈J , (P t ) t∈J and (t n ) satisfy the assumptions of Lemma 2.4, and hence (x tn ) is convergent. Since this is true for every sequence (t n ) in J converging to ∞ the stability of S follows.
is non-expansive and S is asymptotically dominated by P . Now the assertion follows from a). We now discuss the inheritance of strong asymptotic compactness under asymptotic domination. We obtain the following analogue of Theorem 3.1.
An operator T ∈ L(E) is called positive if T E
+ ⊆ E + .
Theorem 3.3. Let E be a uniformly order convex Banach space and let D ⊆ E + . Assume that S = (S t ) t∈J is a representation in D D which is asymptotically dominated by a strongly asymptotically compact representation T = (T t ) t∈J of nonexpansive mappings in D
D . Then S = (S t ) t∈J is strongly asymptotically compact.
Proof. Let x ∈ D and let (t n ) be a sequence in J such that lim n t n = ∞. Set x t := S t x and P t := T t , t ∈ J. Our assumptions imply that (x t ) t∈J , (P t ) t∈J and (t n ) fulfill the conditions of Remark 2.5. Thus (S tn x) has a convergent subsequence, and hence S is strongly asymptotically compact.
For representations in L(E)
+ the previous result reads as follows.
Corollary 3.4. Let E be a uniformly order convex Banach space. Assume that S = (S t ) t∈J and T = (T t ) t∈J are representations in L(E) + such that S is asymptotically dominated by T , and T is contractive and strongly asymptotically compact. Then S = (S t ) t∈J is strongly asymptotically compact.
The following example shows that in the results of this section the uniform order convexity of the space cannot be omitted. Example 3.5. Let E = c be the space of convergent sequences endowed with the sup-norm. Let T = Id and define S ∈ L(E) + by S(ξ n ) := ( n n+1 ξ n ). Then (T n ) n∈N is strongly stable and contractive, and (S n ) is (strongly asymptotically) dominated by (T n ). However, (S n ) is not even strongly asymptotically compact.
Stability and almost periodicity of asymptotically dominated representations on Banach lattices
In this section we assume that E is a Banach lattice and investigate asymptotic properties of asymptotically dominated representations in L(E) + . We shall see that, compared to the previous section, the uniform order convexity of the space E can be replaced by a considerably weaker condition.
Note that in a Banach lattice E we always have d(x, E + ) = (−x) + , x ∈ E, and hence a representation
We recall the Glicksberg-deLeeuw Decomposition Theorem (see [6, Section 2.4] , [8, p .150]) which will play an important role in the proof of the main results of this section. By Γ we denote the unit circle {λ ∈ C : |λ| = 1}.
Glicksberg-deLeeuw Decomposition Theorem 4.1. Let F be a Banach space and let T = (T t ) t∈J be a strongly continuous almost periodic representation in L(F ). Then F can be decomposed into a direct sum F = F 0 (T ) ⊕ F r (T ) where
Moreover, the projection Q T of F onto F r (T ) with kernel F 0 (T ) is an accumulation point of (T t ) t∈J with respect to the strong operator topology.
We need the following construction which can be found e.g. in [20, II.8, Example 1] . Let x ∈ E + be a positive linear form on the Banach lattice E. Then N (x ) := {x ∈ E : x , |x| = 0} is a closed ideal in E, and x + N (x ) := x , |x| , x ∈ E, defines a lattice norm on the quotient space E/N (x ). The completion (E, x ) of E/N (x ) with respect to this norm is a Banach lattice. The norm is additive on (E, x ) + , and hence the space (E, x ) is uniformly order convex (see Example 2.2 b)). The quotient map q : E → E/N (x ) defines a lattice homomorphism
Recall that a Banach lattice E has order continuous norm if whenever (x α ) is a decreasing net in E + with inf α x α = 0, then lim α x α = 0. From Proposition 2.3 it follows that every uniformly order convex Banach lattice has order continuous norm (see [20, II.5 .10, II.5.15]). A set A in the Banach lattice E is called almost order bounded if for every ε > 0 there exists x ε ∈ E + such that (|x| − x ε ) + ≤ ε for all x ∈ A. A linear form x ∈ E + is said to be strictly positive if x , x > 0 for all x ∈ E + \ {0}. The following lemma connects convergence of an almost order bounded sequence in E with convergence in (E, x ) (see [11, 2.4 E if and only if (j x x n ) is convergent in (E, x ) .
We come to the main results of this section in which we discuss the inheritance of strong stability and almost periodicity of asymptotically dominated representations in L(E) + .
Theorem 4.3. Let E be a Banach lattice with order continuous norm and let S = (S t ) t∈J and T = (T t ) t∈J be strongly continuous representations in L(E) + such that S is asymptotically dominated by T . If T is almost periodic, then S is almost periodic.
Proof. A) First we consider the case J = N. By passing to an equivalent norm we may assume that S consists of contractions. Now fix x ∈ E + . Let F be the closed ideal in E generated by
Then F is invariant for S and T , and u = n∈N 2 −n x n is a weak order unit of F , where {x n : n ∈ N} is an enumeration of M . Thus, by restricting S and T to F we may assume that E contains a weak order unit. By [7, 1.b.15] there is a strictly positive linear form z ∈ E + . Since T is almost periodic T is mean ergodic with ergodic projection P T (see [8, p.164] ). Consider the closed ideal I := {z ∈ E : P T |z| = 0}. The order continuity of the norm implies that I is a projection band (see [11, 2.4 
.4]); hence E = I ⊕I
⊥ where I ⊥ = {z ∈ E : |z|∧|y| = 0 for all y ∈ I}. Let R be the band projection from E onto I ⊥ . Note that 0 ≤ R ≤ Id and R is a lattice homomorphism (see [20, II.2.9] ). We claim that {S n z : n ∈ N} is relatively compact in E for every z ∈ E + . It suffices to show that this is true for z ∈ I + and z ∈ (I ⊥ ) + , respectively. 1st case: z ∈ I + . Since T commutes with the ergodic projection P T the ideal I is T -invariant. Denote by T | the restriction of T to I. Let w ∈ I and α : N → Γ be a character such that T n w = α(n)w, n ∈ N. Then |w| ≤ T n |w|, n ∈ N, and hence |w| ≤ P T |w| = 0 which implies w = 0. Since T | is almost periodic it follows from the Glicksberg-deLeeuw Decomposition Theorem that T | converges strongly to 0. In particular, lim n T n z = 0. Since S is asymptotically dominated by T we obtain lim n S n z = 0.
2nd case: z ∈ (I ⊥ ) + . By assumption {T n z : n ∈ N} is relatively compact, and hence almost order bounded. Since S is asymptotically dominated by T the set {S n z : n ∈ N} is almost order bounded. Let x := P T z . Then T n x = x , n ∈ N. The induced representationT = (T n ) n∈N on (E, x ) determined bỹ T n j x = j x T n , n ∈ N, is positive, contractive and almost periodic. Moreover,
Remark 2.5 applied to the sequence (j x S n z) ⊆ (E, x ) + , the operatorsT n ∈ L((E, x )) + and every sequence (t n ) in N converging to ∞ shows that {j x S n z : n ∈ N} is relatively compact in (E, x ). From
we derive that {j x RS n z : n ∈ N} is relatively compact in (E, x ). Since x | I ⊥ is strictly positive and {RS n z : n ∈ N} is almost order bounded Lemma 4.2 implies that {RS n z : n ∈ N} is relatively compact in I ⊥ ⊆ E. Now we show that {S n z : n ∈ N} is relatively compact. Fix ε > 0. Since {S n z : n ∈ N} is almost order bounded there exists y ∈ E + such that
By the contractivity of the operators S n and Id − R we obtain
From the first case we know that lim n S n (Id − R)y = 0. Hence there exists n 0 ∈ N such that
Since {RS n z : n ∈ N} is relatively compact there exists m 0 ∈ N such that
By ( * ) we have
Thus {S n z : n ∈ N} ⊆ {S m z : 0 ≤ m ≤ m 0 + n 0 } + 3εB E , i.e., {S n z : n ∈ N} is totally bounded and hence relatively compact. This proves the assertion for J = N. B) If J = R + , then from A) it follows that {S n x : n ∈ N} is relatively compact for each x ∈ E. The strong continuity of S implies that {S t x : 0 ≤ t ≤ 1} is compact. Hence {S t x : t ≥ 0} = {S t x : 0 ≤ t ≤ 1} + {S t S n x : t ∈ [0, 1], n ∈ N} is relatively compact for each x ∈ E. Remark 4.4. The proof shows that the strong continuity of T is not needed and that instead of the almost periodicity it suffices to require only asymptotic compactness of T .
From Theorem 4.3 we can deduce the following result on the inheritance of strong stability. Proof. Theorem 4.3 implies that S is almost periodic. Since S is asymptotically dominated by T and T is strongly stable the corresponding Glicksberg-deLeeuw projections Q S and Q T satisfy 0 ≤ S t Q S ≤ T t Q T = Q T , t ∈ J.
By [17, Theorem 1.4] the following inclusions for the spectra hold
Now the Glicksberg-deLeeuw Decomposition Theorem yields S t | Er(S) = Id Er(S) and lim t→∞ S t x = 0 for x ∈ E 0 (S). Hence S is strongly stable. Remark 4.6. From [13, Proposition 3.1 and 3.4] it follows that in order to have inheritance of almost periodicity and stability as formulated in Theorem 4.3 and 4.5, respectively, the order continuity of the norm of E is also necessary at least for Banach lattices which contain a topological orthogonal system or which are countably order complete.
The following examples show that positivity of the representation S cannot be omitted. We point out that in the second example the operators belonging to S are even regular, i.e., the difference of two positive operators. 
Note that S is an isometry and has no eigenvalues. By the Glicksberg-deLeeuw Decomposition Theorem S cannot be almost periodic whereas T is even strongly stable. b) Let α ∈ R \ Q. Define S on L p (Γ), 1 ≤ p < ∞, by (Sf )(z) = h(z)f (e iαπ z) where h(z) = 1 if Rez ≥ 0 and h(z) = −1 if Rez < 0. The modulus of the operator S exists and is given by (|S|f )(z) = f (e iαπ z). The representation T = (|S| n ) n∈N is almost periodic, and the representation S = (S n ) n∈N is dominated by T in the following sense:
On the other hand {S n 1 : n ∈ N} is not relatively compact in L p (Γ) where 1 denotes the constant function 1. Hence S is not almost periodic.
